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RADIAL CONTINUOUS ROTATION INVARIANT 
VALUATIONS ON STAR BODIES 

IGNACIO VILLANUEVA 


Abstract. We characterize the positive radial continuous and ro¬ 
tation invariant valuations V defined on the star bodies of M" as 
the applications on star bodies which admit an integral represen¬ 
tation with respect to the Lebesgue measure. That is, 

V{K)= [ 0{pK)dm, 

where 0 is a positive continuous function, pK is the radial function 
associated to K and m is the Lebesgue measure on S^~^. As a 
corollary, we obtain that every such valuation can be uniformly 
approximated on bounded sets by a linear combination of dual 
quermassintegrals. 


1. Introduction 

Valuations can be thought of as a generalization of the notion of 
measure. Valuations on convex bodies have been studied for a long 
time now, starting with the solution of Hilbert’s Third Problem in 
1901. 

Since then until today, valuations and their study have become a 
most relevant area of study in Convex Geometry. See, for instance, [T], 
[3], [12], [13], [IS], [IS]- See also [IS], [13], [IS] for recent developments 
related to our paper. References in [IS], [IS] provide a broad vision of 
the held. 

In the 1950’s, Hadwiger initiated a systematic study of valuations 
on convex bodies and, in particular, he proved the result which we 
now know as Hadwiger’s Theorem, which characterizes continuous ro¬ 
tation and translation invariant valuations on convex bodies as linear 
combinations of the quermassintegrals [8]. In [I], Alesker studies the 
valuations on convex bodies which are only rotation invariant. 

Valuations on convex bodies belong naturally to the Brunn-Minkowski 
Theory, one of the cornerstones of modern geometry. Brunn-Minkowski 
Theory has been extended and modihed in several directions. One of 
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the main theories derived from it is what we now know as Dual Brunn- 
Minkowski Theory. In this dual theory convex bodies, Minkowski ad¬ 
dition, the Hausdorff metric and mixed volumes are replaced by star 
bodies, radial addition, radial metric and dual mixed volumes, respec¬ 
tively. Ever since it was initiated in im, the dual Brunn-Minkowski 
theory has been broadly developed and has been successfully applied 
in several areas. In particular, it played a key role in the solution of 
the Busemann-Petty problem 0 . 0 . 1201 . 

The study of valuations on star sets was initiated in |T2], [13], where 
Klain studies rotation invariant valuations. The valuations studied in 
those papers are dehned on L"’-stars, star sets whose radial function 
belongs to 

A star body (or in general a star set), K C M"' is characterized by 
its radial function px '■ —?• M"*", which assigns to each direction 

in M"' the length of K along that direction (see Section [2] for the proper 
dehnitions). 

In this note, we characterize the positive rotation invariant valuations 
on star bodies which are continuous with respect to the radial topology. 
Note that L"-stars form a much bigger class than star bodies (star 
sets whose radial function is continuous). Therefore, our work can 
be viewed as a generalization of Klain’s work in the case of positive 
valuations. 

Our main result says 


Theorem 1.1. If V : SJf —> M’*' is a rotation invariant and radial 
continuous valuation on the n-dimensional star bodies Sq, verifying 
that E({0}) = 0, then there exists a continuous function 9 : [0, oo) —> 
M’*' such that 6^(0) = 0 and such that, for every K G Sq, 

V{K) = [ e{pK{t))dm{t), 

Js"-^ 

where m is the Lebesgue measure on and px is the radial function 
ofK. 

Conversely, let 6 : M’*' —)■ M 6e a continuous function. Then the 
application V : Sq —> M given by 


V{K) = f e{px{t))dm{t) 
is a radial continuous rotation invariant valuation. 


We believe the result remains true if we remove the hypothesis that 
V is positive and E({0}) = 0, but at the moment we have not found 
a proof for this. Obviously, an analog of the result can be stated for 
negative valuations. 

We can dehne polynomial valuations as those induced by a polyno¬ 
mial on the star bodies (with respect to the radial sum), see Section (6] 
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Note that this dehnition is not the exact analog of polynomial valua¬ 
tions for convex bodies dehned in [ID- 

Polynomial valuations on star bodies can be easily characterized us¬ 
ing the results of n. Rotation invariant polynomial valuations turn 
out to be constant multiples of dual quermassintegrals. With this char¬ 
acterization, and the Stone-Weierstrass Theorem, one obtains imme¬ 
diately the following corollary to Theorem 11.11 It is formally related 
to [U Theorem A], and it can be considered as a weak form of a dual 
Hadwiger’s Theorem. 

Corollary 1.2. Every radial continuous rotation invariant valuation 
V : Sq — > M’*' with R({0}) = 0 can he approximated uniformly on 
bounded subsets of Sq by dual quermassintegrals. 

Most of the paper is devoted to the proof of Theorem ll.il This proof 
is somehow long and technical. We have not found a way to simplify 
it signihcantly. On the other hand, the statement of the result is very 
much related to close results in the area and it probably seemed a “rea¬ 
sonable coniecture” for a long time now, at least since the publication 
of [HI[ID- 

In the following paragraphs we sketch a description of the proof. The 
reader can hnd all the proper dehnitions in Section [2j 

The proof will be done with functional analysis and measure theory 
techniques. The link is provided by the natural bijection between ro- 
tationally invariant radial continuous valuations V : Sq —?• M’*' and 
applications V : —> M"*" which are rotationally invariant, 

continuous, and verify V{f) + V{g) = V{f y g) + V{f A g). Our goal 
will be to obtain an integral representation for these applications V. 

The approach is similar to the proof of the Riesz Representation 
Theorem for the dual of a C{K) space: we want to dehne a measure on 
the Borel sets of S"'~^ based on V. The difference, and the difficulties, 
arise from the fact that now V is in general not linear. 

For a better understanding of the relation of our result and tech¬ 
niques with the results and techniques in [121 [13]) that in those 
papers the valuations are supposed to be dehned on L’^-stars. As men¬ 
tioned before, an L'^-star is a star set whose radial function belongs to 
2 ^n(^n-i) particular, for every Borel set A C 5'"'“^, the characteris¬ 
tic function xa dehnes an L”-star. Therefore, one can consider the set 
function dehned on the Borel sets of which maps a set A to the 
number obtained by applying V to the star set whose radial function 
is Xa- It is easy to see that this set function is a measure. In the case 
we study, since xa is continuous only in trivial cases, this star set is 
not a star body, and we can not apply V to it. 

To dehne the measure in our case we must proceed in several steps. 
First, for every A > 0 we can consider the restriction of V to the radial 
bodies contained in A times the unit ball of M”. We construct an outer 
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measure, and an associated measure, based on this restriction of V. 
The rotational invariance of V translates into the rotational invariance 
of this measure, and therefore it will be a constant multiple of m, the 
Lebesgue measure on This construction is done in Section O 

This measure will not be the one we are looking for. But it will allow 
us to guarantee that V is continuous with respect to m in the natural 
sense. 

Once we know that V is continuous with respect to m, for very A > 0 
we can dehne a content based on V. This content will allow us to dehne 
a second measure associated to it. This second measure will also be 
rotationally invariant and, therefore, again a constant multiple of the 
Lebesgue measure. This construction is done in Section HI 

In Section O we prove that this second measure allows us to obtain 
the integral representation of Theorem 11.11 

Finally, in Section [6] we characterize polynomial valuations on star- 
bodies. We show that if they are rotationally invariant then they are 
constant multiples of the dual quermassintegrals and we prove Corol¬ 
lary O 


2. Notation and previous results 

A set L C M"' is star shaped at 0, or, more simply, a star set if it 
contains the origin and every line through 0 that meets L does so in 
a (possibly degenerate) line segment. We denote by iS" the set of the 
star sets of M”. 

Given a star set L, we dehne its radial function pi by 
Pl{,x) = sup{c > 0 : cx G L}. 

Clearly, radial functions are totally characterized by their restriction 
to the euclidean unit sphere in M”, so from now on we consider 

them dehned on S^~^. 

Conversely, given a positive function / : —> M’*' = [0, oo) there 

exists a star set Lf such that / is the radial function of Lj. 

A star set L is called a star body if and only if is continuous. We 
denote by iSg the set of star bodies. 

Given two sets L, M & S"', we dehne their radial sum as the star set 
L+M whose radial function is pi + Pm- Note that the radial sum of 
two star bodies is again a star body. 

In the space of convex bodies, the natural topology is given by the 
Hausdorh metric. Its analog for star sets and bodies is the radial topol¬ 
ogy^ induced by the radial metric. The radial metric is dehned by 

h(iC, L) = inf{A > 0 such that K C L+AB„, L C K+XBn}- 

It is very easy to see that the radial metric can equivalently be dehned 
by 


5{K,L) = \\pk-Pl\\o. 
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We say that an application V : Sq —> M is a valuation if, for every 
pair of star bodies K, L, 

V{K U L) + V{K n L) = V{K) + V{L). 

Given two fnnctions /i ,/2 : —> M we denote their snpremnm 

and inhmnm by 

(/i V f 2 ){t) = snp{/i(f), f 2 {t)} 

(/i A f 2 ){t) = inf{/i(f), f 2 {t)}. 

Given two star bodies K, L, both K U L and K H L are star bodies, 
and it is easy to see that Pkul = Pk'^ Pl and Pkhl = Pk ^ Pl- 

Given a topological space X and a set A C X, we denote the closnre 
of A by A. Given a fnnction / : X —)■ M, we dehne the snpport of / by 
supp{f) = {x E X snch that f{x) ^ 0}. Given a fnnction / : X —> 
[0,1], an open set G C X, and a compact set K C X, we say that 
/ -< G if snpp(/) C G and we say that K -< f A f{t) = 1 for every 
t e K. 

1 : —)■ M is the fnnction constantly eqnal to 1. We denote the 

enclidean nnit ball of M” by . 

We denote by the Borel cr-algebra of That is, the smallest 

cr-algebra that contains the open sets of 

S{T,n) denotes the normed space of the simple fnnctions over 
endowed with the snpremnm norm. denotes its completion. 

is the space of continnous (real valned) fnnctions dehned on 
S^~^. denotes the positive fnnctions of C{S^~^). It is well 

known that is naturally isometrically contained in We 

will use C{S"'~^)* , to denote the topological duals of G{S^~^) 

and B(T,n) respectively. 

We say that the set function p : —> M is a signed measure if it 

is countably additive over disjoint sets. 

If p is positive, we will call it simply a measure. 

3. Construction of an outer measure 

Let y be a valuation as in the hypothesis of Theorem 11.11 The 
hrst step towards our proof is the construction of an outer measure 
associated to the valuation V. 

We can dehne an application V : G(S"'~^)~^ —> associated to V 
in the natural way: for every / G we dehne V(f) = V(Lf), 

where Tj is the radial body associated to /. 

For every A > 0 we will construct an outer measure py^ associated 
to V. For simplicity in the notation we dehne the outer measure for 
the case A = 1, and we denote it just py. The extension to a general 
A > 0 is simple, and it is explicitly described at the end of this section. 

We use for the set of the subsets of We recall that a 

set function p* : —> [0, +oo] is an outer measure if 
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(i) /i*(0) = 0 

(ii) /i* is monotone. That is, for every A <Z B <Z ^ 

(iii) /i* is countably subadditive. That is, for every sequence (Aj)jgN 
of sets in 

/i* 

iSN 

We start dehning our outer measure for open sets: For every open 
set G C 5”“^ we dehne 

/it(G)=sup{y(/): f^G]. 

Now, for every A C 5”“^, we dehne 

(1) hy(^) = : v4 C G, G an open set }. 

It is very easy to see that, for every open set G C iJ*i{G) = 

jjiyiG)-. It is clear that iiy{G) < /ii(G) and the reverse inequality 
follows immediately after noting that is monotone on open sets. 
Therefore we drop the notation /i^ and we denote both by /iy. 

We have to check that py is indeed an outer measure. First we need 
some observations. 

If /i, /2 are both continuous and positive, so are /i V /2 and /i A/ 2 . In 
this case, if iFi, K 2 are the star bodies associated to /i, / 2 , then fi V / 2 , 
fi A /2 are the radial functions of Ki U K 2 and Ki fl K 2 respectively. 

Therefore, it follows from the dehnition of valuation that, for every 
/i,/2eG(F"-i)+, 

(2) V{h) + V{f2) = V{h V /s) + V{h A /s). 

Now, it is easy to prove by induction the following result, similar to 
the inclusion-exclusion principle: 

Lemma 3.1. Let N eN and let /i,..., /at G G(5'"'“^)’''. Then 

r (V/.) = E r(/.) - E r(/,. A h) 

Vi=l / l<i<V l<ji<*2<N 

+ E A/,. A/„ AV(/, A AA---A/«). 

The good behaviour of linear functionals with respect to the sum of 
functions is replaced now by the good behaviour described in Lemma 
13.11 of valuations with respect to the supremum of functions. For this 
reason, we will need “partitions of the unity” through suprema, rather 
than sums. 

We say that a collection of subsets ^ of a topological space X is 
locally finite if for any x E X there exists a neighborhood Ux of x such 
that Ux intersects only hnitely many subsets that belong to Q. 
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Similarly, we say that a family {ipi : i G /} of continuous functions 
ipi G C{X) is locally finite if the family {supp((^j) : z G /} is locally 
hnite. 

The following lemma is well known. We state it for completeness. 

Lemma 3.2. Let X be a paracompact Hausdorff space (in particular X 
can he a subset of Let {Gi : i E 1} be an open cover of X. Then 

there exists a locally finite open cover {Vi : z G /} such that Vi G Gi 
for every i E I, where V denotes the closure of V. 

We can now proceed similarly as in the case of the usual partitions 
of unity and we can prove the next lemma. It is probably well known, 
but we have not found a reference for it. We state it in more generality 
than we actually need, since we will apply it in the case of hnite families 
of open sets. 

Lemma 3.3. Let {Gi : z G /} he a family of open subsets of Let 
X = Ui^jGi. Then, for every i E I there exists a function pi : X —> 
[0,1] continuous in X verifying ipi -< Gi and such that Vjg/ (p* = 1 zzz 

W. 

Proof. We apply Lemma 13.21 twice to the open cover {Gi : i E 1} 
of the space X. Then we obtain two locally hnite open covers of X, 
{V : i E /}, {Wi : z G /} verifying 

W,cW,cVcV,c G,, 

for every i E I. 

We apply now Urysohn’s lemma and we obtain functions ipi : X —)■ 
[0,1] continuous in X and such that, for every i E I, ipi = 1 in Wi and 
(p, = 0 in Vf. This completes the proof. □ 

We need one more auxiliar result before we can prove that p,y is an 
outer measure. 

Lemma 3.4. Let {Gi : z G /} he a collection of open subsets of 
Let f E G{S"'~^)^ verify f -< Then, for every i E I there 

exists fi E G{S^~^)^, with fi -< Gi, such that \lfi = /. 

Proof. Given {Gj : z G /} we construct : z G /} as in Lemma ESI 
Now we dehne 


f /(*)»’<(*) ifi€|jGj 

/.(*) = < « 

[ 0 

Clearly fi -< Gi for every i E L For every i E I, fi is continuous in 
To see this, note that fi is clearly continuous at t if t G Gi 

or if t G (Uie/ • Therefore, we only have to check continuity at 
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the points t in the boundary of Uie/ ^ 

consider a sequence (4)fceN C 5'"“h We can divide this sequence into 

three subsequences: One in IJ G,, another one in (IJie/ G'jj and the 
third in the boundary of clear that fi{tj) converges to 

fi(t) = 0 along each of these subsequences. 

Finally, let t e S'”"h If f G IJiG/ Vie/ /*(^) = Vie/ = 

f{t) ViG/ = fit)- If t ^ Ug/ fhen V-g^ fi{t) = 0 = f{t). □ 

Now we can prove that py is an outer measure. 

Proposition 3.5. Let V : Sq —> M’*' be a radial continuous valuation 
verifying that P({0}) = 0. Then Hy defined as in Equation (QP is an 
outer measure. 

Proof. Note hrst that //y(0) = V(0) = P({0}) = 0. The monotonicity 
of py is immediate. 

We prove next the countable subadditivity. Let (y4j)jgF} be a sequence 
of subsets of If X]iGNhv(A) = oo, then there is nothing to 

prove. So we may assume that < oo for every / G M. Let 

e > 0. For every / G M, choose an open set Gi such that A* C Gi 

and fiy{Ai) > fiy{Gi) — -L. Choose now / G such that 

/ (Ui6K Gi) and 

A-UU G.) < L(/) + e. 

ieN 

Since supp(/) is compact, there exists G N such that supp(/) C 

U=1 

We apply Lemma 13.41 to the collection {Gi : 1 < i < A^} and we 
obtain functions /j (1 < * < A^) as in the lemma. 

It follows from Equation ([2]) and the positivity of V that 

V(fi V h) = V{h) + V{h) - V{h A /2) < Vifi) + V{h). 

Reasoning by induction, we easily get that 

(A \ N 

y h] <j2^{fi). 

i=l ) i=l 

Now we have 

l^v (U V SU (UCi) < V'(/) + £ < G/O + e < 

VieN / VieN / i=i 


N 

— Tvit^i) + ^ hv(G'i) + e < '^2 Tvi^i) + 2e. 

i=l ieN isN 

Since e > 0 was arbitrary, this hnishes the proof. 


□ 
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Given an enter measure /i*, we say that a set S C S'"" ^ is /x*- 
measurable if for every A C S^~^, 

H*{A) =fi*{AnB) + n*{A n 5"). 

It is well known m Theorem 1.3.4]) that the set of /x* measurable 
sets is a cr-algebra. Moreover, /x* restricted to that a-algebra is a mea¬ 
sure. 

Proposition 3.6. The Borel a-algebra of is gef measurable. 

Therefore, if we define /xy as the restriction of fiy to then /xy is a 
measure. 

Proof. We just need to check that every open set G C is /Xy 

measurable. It follows from the subadditivity of /Xy that it suffices to 
check that, for every A C 

Pv{A) > ia*y{A nG)+ ia*y{A n G'^). 

If fiyiA) = oo, then there is nothing to prove. So we may assume 
that py{A) < oo. We £x A C and e > 0. There exists an open 
set U , with A (Z U, such that pv{U) < py{A) + e. 

f/nG is an open set. We choose /i -< [U AG) such that /Xy(17nG) < 
V{fi) + ^- We consider the compact set K = supp(/i) C (UAG). Then 
{U nG"^) C {UAK'^), and this last set is open. Choose now /2 -< {UAK'^) 
such that /Xy(t/ fl < V{f 2 ) + e. 

Note that /i and /2 have disjoint supports, both of them contained 
in U. Therefore /i V /s -< U, f^ A f^ = 0, V{fi V /2) = G(/i) G(/2) 

and we have 


fi*y{A) > fi*y{U) - e > V{h V / 2 ) - e = V{h) + V{h) - e > 

> fi*y{U n G) + fi*y{U n K^) - 3e > n*y{U n G) + ^i*y{U n G") - 3e > 
> fi*y{A n G) + fi*y{A n G") - 3e. 

□ 

So, we have seen that given a positive valuation V on Sq we can 
associate to it in a natural way a measure /xy : — > [0, cxd]. 

It is immediate to see that if V is rotationally invariant, so is /xy. 

Let us see that /xy is hnite. Suppose that /xy(S'”“^) = oo. Let 
G C be any fixed nonempty open set, and choose to G G. For 

every t G S^~^, let ipt be a rotation in such that (pt(fo) = L Let 
Gt be the open set <ft{G). Then Uiesn-iG* is an open cover of the 
compact set S^~^. Pick a hnite subcover Gt^, ..., G*^. It follows from 
subadditivity together with rotational invariance that 

k 

oo = ^y(F"-i) < Y^tiviGu) = kfly{G), 

i=l 
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and, therefore, for every nonempty open set G C S^~^, /ly(G') = oo. 

Let now be a sequence of nonempty disjoint open subsets of 

It follows from the previous paragraph that, for each i G N, we 
can consider fi E with /j -< Hi and such that V{fi) > 1. 

Note that, if z 7 ^ j, fi A fj = 0. Let / = Visn/l It follows from the 
valuation property that V{f) is not in R+ = [0, +cxd), a contradiction. 

Therefore /iy is hnite and rotational invariant and, hence, propor¬ 
tional to the Lebesgue measure. That is, there exists a positive 1 ? such 
that /zy = i!}m, where m is the Lebesgue measure in 

Similarly, given A > 0, we can repeat the procedure above and dehne 
an outer measure on open sets by the formula 

hvA = sup{l^(/) ; 

Then, we can extend it to general sets A and dehne a measure fiv,\ 
as we did for ^uy. As in the case of py, all of the /zy^A are rotationally 
invariant. Hence, for every A > 0 there exists i^a > 0 such that 


(3) 


hVA = 


With this notation, /zy = /zyi and 1? = z^i. 

If V is increasing in the sense that for every continuous / G 
and for every A > 1 one has V{f) < V{Xf), then /iy can be used to 
obtain an integral representation of V. But V need not be increasing, 
and we will require more involved reasonings. 

To make clear why /zy does not properly capture the values of V, 
consider the function 9 : R+ —> R+ dehned by 9{X) = H(A1). Sup¬ 
pose, for instance, that V is such that 


max { 6 '(A)} = 9 
ag[0,i] 



and that 9 is strictly decreasing in (^,1]. We will see in the next 
sections (and it follows as a consequence of Theorem ll.il) that, in that 
case, for an open set G, HviG) can be arbitrarily well approximated 
by V{f), where / are functions with ||/||oo < If will follow that 
/iyi = /iy,i, but H(|l) > H(l). That is, the measures iiv,\ do not 
suffice to characterize V. 

But the construction of the measures /zy^A does yield the next obser¬ 
vation, which will be used several times in the next section. 

We say that V m if, for every A > 0 and e > 0, there exists 
(5 > 0 such that for every open set G, with m{G) < 6, and for every 
/ G with ll/lloo < A and supp(/) C G, one has V{f) < e. 


Observation 3.7. IfV is as in the hypothesis of Theorem \1.1[ then 
H -C m. With more detail, let X > t), e > 0, and let G C <5'"'“^ he an 
open set such that m{G) < e. Then, for every f G such that 
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supp{f) C G and \\f\\oo < X, 

V{f) < ^xe, 

where dx is given by Equation 

4. Construction of the second measure 

In this section we define the measnres that will allow us to obtain 
the integral representation of Theorem 11.11 In the previous section we 
defined a measure “from above”, starting with an outer measure. Now 
we will proceed “from below”, starting with a content. 

We recall that a content in S"'~^ is a non negative, finite, monotone 
set function defined on the class of the compact subsets of which 
is subadditive and additive on disjoint sets [H §53]. For every A > 0, 
we will define a content based on V. As we did in the previous section, 
for simplicity in the notation we make the construction first for A = 1. 
The generalization will again be obvious. 

Given a compact set K C we define 

(4) aK) = inf{C(/) 

We want to see that C is a content. First we need a lemma. 

Lemma 4.1. Let K C he a compact set and let G ^ K he an 
open set. Then ({K) = mi{V{f) : K ^ f ^ G} := CdK) 

Proof. One of the inequalities is trivial. We only need to check that 
C(-^) ^ Cg(A'). To see this, we choose e > 0. We pick now / G 
with K -< f such that C,{K) > V{f) — e. The set G = 
supp(/)\G is closed (it could be empty, in that case the next reasonings 
are trivial). Therefore C is compact, and K (1 C = ^. Using the 
regularity of the Lebesgue measure, we pick an open set H D G such 
that m{H\G) < |. Therefore, m{Gr\H) < m{H\C) < |. We apply 
now Lemma 13.31 to the open sets G, H and we obtain the functions 
Tg,Th- We define fc = f^c and fn = Ith- We have that f = fc'L fn 
and supp(/g A fn) <Z G H H. Therefore, Observation 13.71 tells us that 
U (/g a fn) — e < 0. So, we have 

({K) > V{f) - e = U(/g V /^,) - e > U(/g V /h) - e + 1/(/g A /h) - e = 

= Vifc) + Vifn) -2e> U(/g) - 2e > Cg{K) - 2e, 
and our result follows. □ 

Lemma 4.2. is a content. 

Proof. ( is clearly non-negative and monotone. To see that C is finite, 
note first U(SKn) = U(l) < oo. Therefore, for every closed set C C 

S^-\ C(C') < ^(1) < oo- 
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Let US see that it is subadditive. Let Ki, K 2 be compact. For z = 1,2 
let fi G (7(5'"'“^)+ be such that Ki -< f]. Then {Ki U K 2 ) -< (/i V / 2 ) 
and 

C(i7i U K2) < V f2) < V f2) + VUi A / 2 ) = VUi) + VU2). 
It follows that 

aK, U K2) < inf V{h) + inf ^(/a) = Q{K,) + C{K2). 

K2^J2 

We have to see now that if Ki, K 2 are disjoint compact sets, then 

C(iFiUiF2) >C(i^i) + C(i^2). 

To see this, we hrst £x e > 0. We choose two disjoint open sets 
(7 i,G2 containing Ki,K 2 respectively. Ki U K 2 is contained in the 
open set Gi U G 2 - Therefore we can apply Lemma [4.11 and we obtain 
/ G such that iLi U iF 2 -< / -< Gi U G 2 and U -^ 2 ) > 

V (/) — e. We dehne /i, /2 as the restrictions of / to Gi, G 2 respectively. 
Clearly fi and /2 are continuous, Ki -< fi, K2 -< /2 and /i A /2 = 0. 
Therefore 

C(^1 U K2) > V{f) - e = V{h) + V{f2) - e > C(i 7 i) + C(^2) - e. 

□ 

Once we have a content, we can construct a regular measure associ¬ 
ated to it in a standard manner (see [H §53]): We dehne hrst an inner 
content on open sets G by /i*(G) = sup{C(i7) : K G G}. Next we 
dehne an outer measure on all the subsets of 

= inf{/i,(G) : Gd A} 

and finally we consider the measure u defined as the restriction of u* 
to the i 2 *-measurable sets, i/ is a regular measure on the Borel sets 
of 

In general u is not an extension of the content. But if ( is regular 
then we can guarantee that u is an extension of (, that is iy{K) = C{K) 
for every compact set K C S'"’ m §54]). 

We recall that a content C is regular if, for every compact K, 


(5) C(-^) = iiif{C(-D) : K C D°-, D compact }, 

where A° denotes the interior of a set A. 

We see next that the content C defined in Equation (jl]) is regular. 

Proposition 4.3. C is a regular content. 

Proof. We have to show that Equation ([5]) holds. One of the inequalities 
follows immediately from the monotonicity of C,. 

For the other inequality, hx a compact set K and e > 0. Choose 
/ G G(S'"“^)+ such that K -< f and V{f) < C{^) + 
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Using the fact that V is continuous at /, we get the existence of 
0 < h < 1 such that \V{f) — V{g)\ < e whenever ||/ — < S. 

We consider the function = 1 A (1 + S)f{t). Then g is continuous, 

IIS' ~ /Iloo < <5, and E -< g, where E = 1]). Note that E is 

compact and that 

A'cr'({i})cr‘ ((i-|.ii) c =-b°. 

Therefore 

inf{C(T») : K C D°;T) compact } < C(^) < V{g) < V{f)+e < C{K)+2e, 

and our result follows. □ 

It follows now from 0 §54 Theorem A] that = C{K) for every 
compact set K. 

Again, it follows from the fact that V is rotationally invariant that 
C, and therefore also u, are rotationally invariant. Therefore, we know 
that ly is proportional to m, the Lebesgue measure on 

In general, for every strictly positive real number A > 0 we can define 
a content Ca by 

(6) UK) = inf{U(/) : where / G K -< 

So, our previous ( becomes Ci- For every A > 0, is a regular 
content with associated measure ux- 


5. Proof of the main result 


In this section we use the previous constructions to prove Theorem 

o 

For clarity in the exposition, we isolate in the next lemma a technical 
aspect of the proof. 


Lemma 5.1. Let K G S 


n—l 


and let dx be as in Observation \3 . 7 
such that m{G \ K) < ^ 

K 


be a compact set, let X > 0, let e > 0 
Then, for every open set G G K 
and for every f G C'(5'”“^)+ 


such that 


V{f) < UK) 


e. 


Proof. For simplicity in the notation we write the proof for the case 
A = 1, and we just write -d, z/ for The general case is totally 

analogous. Let K, e, G, f be as in the statement. V is continuous at 
/. Therefore there exists hi such that V (/) < V{h) + | whenever 
\\f-hU<6^. 

Let us consider the continuous function / = 1A(1+Ai)/ and the open 
set Gi = f~^ l]y We apply Lemma ITT] to obtain a function g 

such that V{g) < r>{K) + |, and K -< g -< Gi. This last fact implies 
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that g < f- We use now the fact that V is continuous at / to obtain a 
62 such that V(f) < V(h) -h j whenever ||/ — h\\oo < 62 - 
We dehne now 

C = supp(/) \g~^ ^ ^ ^ 


1 + ho 


and 


H = G\g 


-1 


1 + ^ 


(7 is a closed set contained in the open set H. C and H'^ are disjoint 
compact sets. So, we can choose disjoint open sets U C, W Z) 
and we have that U <Z H. We apply Urysohn’s Lemma to the disjoint 
closed sets C and and we obtain a function ip G verifying 

C -<p-<H. 

We have that 

g V ph - /Iloo < 1 - T^-r- < h2- 


1 + ^2 

To see this, note that if f ^ supp(/) then /(f) = g{t) = 0. If f G (7, 
then p{t) = 1 and, hence, 

(pWfit)) V g{t) = /(f) V g{t) = /(f). 


where the last equality follows from the fact that g < f ■ 

Finally, if f G supp(/) \ C then /(f) = 1 and < git) < 1. 

Note that H G G\K and therefore m{H) < m{G\K) < Hence, 
since pf -< H, Observation 13.71 implies that Vipf) < |. 

Finally, using the fact that ||/ — /||oo < hi, we get 

V(f)<V{f) + l<v[gV<p,f)+^ = 

= V{s) + V(vf) - L (gA*,/) + 1 < L(9) + v{ipf) + I < I'(A') + £. 

□ 


Now we can prove our main result. 

Proof of Theorem \ 1 . 1 [ We prove hrst the hrst statement of the Theo¬ 
rem. Let V be as in the hypothesis. We consider the family of measures 
i^x dehned in the previous section. 

For every A > 0, is rotationally invariant and, hence, proportional 
to the Lebesgue measure. Let us call 0(A) the positive number that 
verihes ux = 0(A)m, and we dehne 0(0) = 0. 

Then, recalling that 17({0}) = 0, for every A > 0 we have 

0(A)m(F”-^) = z/a(^''”^) = f^(Al) = H(AHr™). 

Therefore, it follows from the continuity of V that the function 

(7) 0 : [0, 00 ) —> [0, cx)) 
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defined by 

A ^ e{x) 

is continuous. 

We consider a function / G We want to see that 

V{f)= [ e{f{t))dm{t). 

JS"-1 

For a given 5 > 0, let A/ = _l_ where [a] is the integer part 

of a. 

For every / G N we dehne Di = {X : ir(/~H{A})) > j}. Since 
< oo, we have that Di is hnite and therefore D = IJzeN-^^ 
at most numerable. As a result, we get that for every 1 < f there 
exists a hj G M such that \6i ~ < i§o and m{f~^{{6i})) = 0. We 

pick 6 n such that it addtionally verihes 6 n > ||/||oo- 

We dehne Ai = f~^ ([0, 5i)) and for every 2 < i < N we dehne 

For 1 < i we dehne also the sets Ci = /“^({Aj}). 

Next, we consider the simple function —)■ M"*" dehned by 

N 

gsit) = '^SiXAiUcAi)- 

i=l 

For every A > 0, — /||oo < 2h. Since 9 is uniformly continuous in 

[0, |l/||oo + l], we get that ||6*(5'5) — 6*(/)||oo converges to 0 as <5 converges 
to 0. That is, 9{gs) converges to 9{f) in the norm topology of i?(S„), 
the bounded Borel functions on Therefore, since the application 

9 fs^-i 9^'^ belongs to i?(S„)*, we get that 



(8) 
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First we check the hrst inequality. We hx e > 0. Since V is contin¬ 
uous at /, there exists A > 0 such that \V{f) — V{f)\ < e whenever 
11/ — /II A 2A. We pick S < A and we dehne N, 6i, gs as above. 

For every 1 < i < A, Aj is open and is regular. Therefore, we 
can choose a compact set Ki C Aj such that vs^{Ai) < uSii.Ki) + j^. 
Note that KiP\ Kj = ^ ii i ^ j. 

Ai,..., Cl,..., Cat are disjoint compact sets. We consider pair¬ 
wise disjoint open sets Vi,---,hAr, such that for every 

1 < i < N, Ki (Z Vi and Ci C Hi. 

Since m{Ci) = 0, we may choose Hi such that m{Hi) < , where 

is dehned as in Observation 13.71 

Ai and Ki are disjoint compact sets. Then we can take disjoint open 
sets V/ D Ki, Wi D Ai. For every 1 < z < A we dehne now Ui = VnV- 
and we have Ki Z Ui Z Ui Z Aj. 

We now use Urysohn’s Lemma again and, for every 1 < z < A, we 
can consider a function G such that ijji^t) = Si for every 

t G Ki, ipi{t) < Si for every t G 5'"'“^, and 'i/ji{t) = 0 for every t G f/f. 

We dehne now 

■ 

Then f{t) = Si for every t G Ki and ||/ — /||oo < 2h. 

We dehne Aq = UfL^Hi. Then m(Ao) < and the collection 

{Ai : 0 < z < A} is an open cover of supp(/) . 

Now we apply Lemma 13.31 to the family {Aj : 0 < z < A} and we 
obtain the functions v?j (0 < z < A) as in that lemma. We note that 
for 1 < z < A, Aj -< (pj. 

We dehne the functions /j = fipi, 0 < z < A. As in the proof of 
Lemma ITTI we see that they are all continuous and / = V^o /l They 
also verify Aj -< Therefore, (Aj) < t/(/j) for 1 < z < A. 

It follows from Lemma 13.11 and the fact that /j A fj = 0 for every 
^ A i < j A N that 

N / N \ N 

V Id + E L/i A /„). 

^=0 / i=l 

Note that supp(/j A /o) C Aj fl Aq and m(Aj fl Aq) < m(Ao) < jA —. 
Therefore, Observation 13.71 guarantees that A Hence 

N / ^ \ 

E < r V /■ + f = '^(/) + ^ + 2 a 

j=0 \j=0 / 

Putting things together, we have 


N 

f=jAy 

\i=i 
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N 


N 


N 


N 


'^9{Si)m{Ai) = + e <'^V{fi) + e < 

i=l 1=1 1=1 1=1 

N 

<EW*) + e<^(/) + 3e. 

i=0 

We prove now the second inequality in (|8]). We let e, A, 5, A*, Aj, 
‘•Pii /) fi be as in the first part of the proof, with the following extra 
condition: For 1 < z < A, we require that 

m(Ai \ Ki) < —. 

Clearly the iFj’s can be chosen to meet this additional requirement. 
Note that now we have ^ Ai and m[Ai \ Ki) < . There¬ 

fore, Lemma ED implies that V{fi) < ys^{Ki) + 

Since m{Ao) < , Observation 13.71 implies that V{fo) < < e- 

So, we have 

/ V \ N N 

r (/) < V(f) + e = l> \//. +" = E ''(ti) - ^ V{fi A /„) + e < 


\i=0 


i=0 


i=l 


N 


N 


N 


< V(fi) + V (/o) + e < l's^ (Ki) -|- 3e < 9{Si)m{Ai) -|- 3e. 


i=l 


i=l 


i=l 


We prove now the second half of the statement. Let 9 be as in the 
hypothesis, and, for every star body K, dehne 

V{K)=[ 9{pK{t))dm{t). 

It is immediate that V is well dehned. Let us see that it is a valuation. 
Let K, L be star bodies. Let 

C, = {te 5 ”-': pK{t) > pLit)} 

C 2 = S^-^\Ci. 

Using again that pxui = PkPl and pKni = Pk Pl, 'Vfe have 
ViKUL)+ViKnL)= [ 9{pKuLit))dmit)+[ 9{pKnLit))dm{t) = 

= [ 9{pK{t))dm{t) + [ 9{pL{t))dm{t) + 

JCl JC2 

+ [ 0{pL{t))dm{t) + [ 9{pK{t))dm{t) = V{K) + V{L). 

JCl JC2 
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Let US see that V is continuous. Let K he a radial body and let 
(iLj)jgisj be a sequence of radial bodies converging to K in the radial 
metric. As we mentioned before, converges to K in the radial metric 
if and only if converges to px in the uniform norm. It follows from 
the compactness of that px is bounded. So, there exists a closed 
bounded interval J C M such that px{t), pxiif) £ I for every t G 
z G N. Now, 6 is uniformly continuous in J, and it follows immediately 
that d{pxi) converges to 0{px) in the uniform norm. Using again that 
the linear mapping / i—)■ Jg„-i fdm belongs to (7(5'”'“^)*, we have that 


V{Ki)= [ e{pxi{t))dm{t) ^ [ 6{px{t))dm{t) = V{K). 

The fact that V is rotation invariant follows immediately from the 
rotational invariance of m: Let K E and let (p be a rotation in 
Note that Pip{x)it) = We have 


V{ip{K))= 0{p^(x){t))dm{t)= I e{px{^ ^{t)))dm{t) = 

JJ 

6 {px{t))dm{t) = V{K). 




□ 


6. Polynomial valuations and dual quermassintegrals 

In this section we will dehne polynomial valuations on convex bodies 
and we characterize them using the results of 110]. We show their 
connection with the dual quermassintegrals and we prove Corollary 

o 

We say that an application T : (iSq )™' —> M is a fc-linear application 
if T is separately additive and positively homogeneous. This means 
that for every L, L', L 2 ,..., Lk G Sq and for every a > 0, /3 > 0, 

T{aL+f3L', L 2 ,..., Lk) = aT{L, L^,..., Lk) + /3T(L', L^,..., Lk), 

where the role played by the hrst variable could also be played by any 
of the other variables. 

We say that an application P : Sq —> M is a k-homogeneous poly¬ 
nomial if there exists a fc-linear application T : (iSg —> M such that 
for every L G Sq, P{L) = T{L,... ,L). 

We say that a valuation V : Sq —)■ M is a A:-homogeneous polynomial 
valuation if U is a A:-homogeneous polynomial. 

The following result follows immediately from [TOl Theorem 3.4]. 

Proposition 6.1. Let V : Sq~^ —> M 6e a radial continuous k- 
homogeneous polynomial valuation. Then there exists a regular signed 
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measure /i : —> M such that, for every L ^ S^, 

V{L) = [ {pL{t)fdyi{t). 

Conversely, for every regular signed measure p : —)■ R, the 

above integral expression defines a radial continuous k-homogeneous 
polynomial valuation. 

Moreover, V is rotationally invariant if and only if there exists a 
constant c G R such that p = cm, where m is the Lebesgue measure in 

s^-\ 


Remark 6.2. Note that this says that the only radial continuous k- 
homogenous rotationally invariant polynomial valuations are the con¬ 
stant multiples of the corresponding dual quermassintegral W^-k (see 
[6] for the definition). 

The proof of Corollary 11.21 follows now easily: 

Proof of Corolla, rv \l.^ Let V be as in the hypothesis. Let B C Sq he 
a bounded set. That is, there exists M > 0 such that for every star 
body K E B, and for every t E K, ||f|| < M. Equivalently, for every 
K E B, WpkWoc < M. 

Let 6 : R —)■ R"*" be the function associated to V by Theorem ll.il It 
follows from the Stone-Weierstrass Theorem that for every e > 0 there 
exists I E N and real numbers Uq, ... ,ai such that for every A G [0, M], 

i 

\e{X)-Y,akX'^\<e. 

k=0 

For every 0 < A: < / we dehne the polynomial valuation Pk by 

Pk{K) = Ok pK{t)dm{t) = akuWn-k- 

J 

Then we have that, for every K E B, 

i 

V(K) - 

k=0 


9{pK{t))dm{t) - 


A:=0 


< 


< 




9{pK{t)) -^akpKit) 


k=0 


dm{t) < em(S'" ^). 


□ 
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